B.3 Resistors

So far we’ve discussed ways to deliver energy to the electrons traversing a circuit, either continuously via batteries, or

somewhat ephemerally via capacitors. And now we’ve gotta consider what the electrons are doing with that energy, and
more generally, some of the details of their flow through the wires in the circuit.

5 A 1 to 2: battery transfers chemical potential energy to electron, giving it
APE; = €AV, and enabling its transport across the internal field.

2 to 3: electron is pulled by field in cathode to the terminal. It loses PE, gains KE,
and simultaneously delivers that KE to the cathode atoms via collisions.

3 to 4: electron is pulled by field in wire from terminal to device/resistor. It

loses PE, gains KE, and simultaneously delivers that KE it to the wire atoms
via collisions.

4 to 5: electron is pulled by field across device/resistor by field, which is typically
much stronger than in the wire. The electron loses PE, gains KE, and
simultaneously delivers that KE to the device/resistor atoms via collisions.

5 to 6: electron is pulled by field in wire from device/resistor to terminal. It
loses PEg, gains KE, and simultaneously delivers that KE to the wire

AVbattery atoms via collisions.
upshot: battery loses energy eAVy.ttery 6 to 1: electron is pulled by field in anode from terminal. It loses
atoms gain thermal energy eAVbattery PE, gains KE, and simultaneously delivers that KE to the cathode

atoms via collisions.



B.3 Resistors

Now we would like to consider more details about how quickly the electrons will flow through the circuit.
Let’s concentrate on the motion of just one electron through the resistor:

\

'.Q/Q,.

It will generally accelerate against the direction of the field of
course, but it will never pick up much speed because of the
frequent collisions it makes with the atoms in the resistor.

So it will basically drift along at a constant rate (speed), v.
This speed is given by:

\ 4

V=v,+at average time in between collisions
\ is called t. This parameter must
— be looked up in table (or can
calculate via other means)

I I average initial acceleration given by:
T velocity after a E  oF
collision is zero. a=—=—
m m
eE eE
So v=0+—-7 » V=—o010r




B.3 Resistors

Now we’d like to relate the speed of these electrons to the ‘current’. So the current of electrons through a wire is defined to be

| - dg amount of charge, dg, that flows past a point on wire in time dt

o o units: Coulombs/second = Ampere (A)
E Consider a bunch of electrons in a wire flowing
> left with velocity v.
time t
A time dt later, an amount dq will have flowed
----------------------------------------------------------------------------------------------- past the wire. And this amount would be, in
E terms of their volume dV:
' dqg = nedV n =# electrons per unit volume
A > time: t + dt = n(Avdt)
g And so the current would be:

_dg _ neAvdt
dt

=neAv —— | =nevA



B.3 Resistors

Parenthetically, it is convenient to do a little work And also make some definitions
on the electron density formula....

I =nevA
#charge carriers =Av
n= =oVl
volume
_ #charge carriers #atoms
atom volume A= neA
_ #charge carriers #atoms mass
atom mass volume
_ #charge carriers #atoms mol mass

atom mol mass volume
_ #charge carriers #atoms 1

atom mol mas

mol

= pVA

K =oev

5 density

— ﬁN A/Omass
m

molar



B.3 Resistors

And now we’re in position to get Ohm’s law, which relates the current flowing through a resistor to the
potential difference across it:

2
Nz i E I—nevA_ne(eET)A:nefEA neTAVA_ AV
2 CECN N m m m oL ( m )L
— A ne’zr ) A
. N\ Qf"\ \ o, g\
_k)@ v v W &l)
: ®)
rauwxmwik @ i v
\ v resistivity: p = units = = m=—-m=Q-m
: , ne’z 1 2o CIs A
| L | m3 \
V J—
Rate of energy dissipation by electrons is: A Ohm (€2)
P = rate of dissipation of KE m )L L .
Resistance: R = —=p— its=Q-m-— =
= rate of loss of PE, (nezrj A A units =£2-m-= 5 =2
= 1AV
AV
| =— Ohm's Law
P=I°R R



B.3 Resistors

10V Cu wire
e fﬂ —16.810m Suppose we hook a battery up to a Germanium resistor via two identical copper
| ' o wires. The specifications of the wire, and the resistor are given.
; Pyne: =9000kg /m
Mui =63.38 (a) What'’s the resistance of the Ge resistor and of the Cu wires?
L=10cm L
—2 142105 m L
= A=3.14x10"m R, =< Pa R,, :KpGe
p =046 0Om 0.1m 8 0.0Im
' m - 1.68x107°Q-m — : ,
Pras = 3500kg/m” 3.14x10°m? ( g ) 3.14x10°m? (046Q m)
Mgz = 12-68 =5.34x107Q =146Q
L=1lcm
A=3.14x10"m"? (b) What'’s the total resistance of the circuit, and what’s the current running through it?
R, =5.34x10*Q+1460+5.34x10*Q | =AY 10V 068A
Ry, 146Q
~146Q) '

(c) What'’s the power delivered by the battery, and dissipated by the resistor and wires?

P, =1AV, =(0.068A)(10V) =0.68 W

P, = 12R =(0.068)(5.34x10™*) = 2.47 x10° W

P.. = 1°R =(0.068)?(146) ~0.68 W



Cu wire

10V f
+ |= - 0 =16.800m
; ' £y =9000kg /m
M. =635g
L =10cm
= A=314%10"m?
0 =0460m

£y =5500kg/m’

Moy = 1268

L=1cm

A=314%10"m?

(e) What’s the mean collision time in the Cu wire?

om
ne’r

m

(9.11x107%)

B.3 Resistors

(d) What'’s the speed of the electrons in the Cu wire?

Speed isv = I/neA. And so we’ll need to get n.

AN, o (1)(6.022x10%)(9000)
“m 0.0635

molar

n =8.5x10% electrons/m?®

And so the speed is:

| 0.068
Veu = = 28 ~19 6\
N.,€A.,, (8.5x107)(1.6x107)(3.14x107)

1.6 um/s

—=2.5x10%s =25ns

= T =
one’ (1.68x10°)(8.5x10%)(1.6x10 %)’



B.3 Resistors

10V f Cu wire
+1, - -
I p =16.800m
L 3 - (f) What’s the strength of the electric field in the Cu wire? in the Ge resistor?
Pyne: =9000kg /m
M. =635g
AV,, = IR =(0.068)(5.34x107*) =3.61x10° V
L=10cm
= - A=3.14x10"m’ AV, 361x10°V vV
Eg, =il - 227 ~3.61x10° 2
2 =0460m AX 0.1m m
£y =5500kg/m’
M i =?25g
I —tem AV, = IR, = (0.068)(146) ~10 V
A=3.14x10"m* \AV ‘ 10V Vv
Ec = cel = =1000—

°*  AX  0.01m m



B.3 Network of Resistors

Now we’ll generalize to a network of resistors.

Our goal will be to determine the power and energy dissipated through any resistor.

Just as it was with capacitor networks, there are two methods to address this question:

(a) Method of equivalent resistance.
(b) Kirchoff’s laws.

The first is faster, when applicable, and the latter
more general. We'll consider the first, first.

Fa
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|
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B.3 Network of Resistors

Method of equivalent resistance aims to simplify a network of resistors by systematically replacing certain
combinations of resistors with a single ‘equivalent’ resistor. The two resistor combinations amenable to this method
are series, and parallel. Two resistors are connected ‘in series’ or ‘in parallel’ if they satisfy the following criteria:

Series: Can draw a path along circuit, from one resistor to the other, w/o crossing a junction.

Parallel: Can draw a closed loop along the circuit, from one resistor to the other, w/o crossing another circuit element
(i.e., battery, capacitor, resistor, etc.)

Which resistors are in parallel? F.1 R-
R, and R, mAA A ATA ey
Rs Rs
Which resistors are in series? T Fn
oy Y. p—
R, and R, A
R, and Ry | ol R .




B.3 Network of Resistors

If current starts out as i, what is the current everywhere else?

Currents must be the same b/c of charge conservation.

Fun Fact: Resistors in series
all carry the same current

>
How do currents relate in a parallel connection? is
How do voltages relate? Voltages are same since
AV must be zero around R3
a closed loop. AV

Fun Fact: Resistors in parallel
all carry the same voltage difference




B.3 Network of Resistors

Series equivalent resistance

Now we need to figure out what the equivalent resistance of a bunch of resistors connected in series, is. The
equivalent resistance is defined as the single resistor that would draw the same current under same voltage, as

the series combination.

A7,
1
AV ... = AV, +AV, +AV,
'RSEriEE . .
&VE- Iseries = 1
A,
R - AV e _ AV +AV, +AV, —

series

AV AV, AV,
| | |

- Rseries:R1_|_R2+R3+"'+Rn

=R +R, +R,




Parallel equivalent resistance

B.3 Network of Resistors

Now we need to figure out what the equivalent resistance of a bunch of resistors connected in parallel, is. The
equivalent resistance is defined as the single resistor that would draw the same current under same voltage, as

the parallel combination.

f-'_“-*—v

( : i

/ . ; AVparallel AV
rest Rparallel ) . .

K R3 i iparallel = |1 + Iz + |3
circuit AV

¥

LNL_J, -

R _ AVparaIIeI _ AV

parallel |
parallel

1

L+ 40, b/ AV +iy [ AV +iy | AV

“1/R +1/R, +1/R,

1 —

R =(R*+R,'+R* +...+ R ™

parallel




B.3 Network of Resistors

Consider the following amazing circuit that looks just like a previous amazing circuit. What’s the current drawn from
the battery? What’s the current through each resistor? What’s the power supplied by the battery?
What’s the power dissipated through each resistor? If these are lightbulbs, rank them in order of brightness.

200
——W_‘ General procedure is to ultimately reduce it to one resistor.
10V We get:
T 302 50
|
20
__’\/L:ff}\/‘ Rparallel - (3_1 t 5_1)_1 I:Qseries =2+19
| =1.90 =3.9Q
—_ Loy tov]
T 30 50 > -_ 1.90 > p—
3.9Q
|




B.3 Network of Resistors

This is the power that the
battery supplies to the device

~~
~~
~—o
~~e
~~
~~o
S~

B, =1AV, =(2.6)(10)
=26W

And now let’s work backwards
to get the currents through

the individual resistors... I=2.6A
AV = (2.6A)(2Q)

=5.2V

2.6A

10V

AV _ 10V

= =2.6A
R 3.9Q

This is the current that the
battery supplies to the circuit.

oeA AV = 4.8V AV = 4.8V
AV =5.2V i:%:l.GA _A8V 1A

}
i
ov]
3.90
i=26A
AV = (2.6A)(1.9Q)
~4.8V
200
19Q

v




B.3 Network of Resistors

Last we wanted to get the power dissipated by each resistor...

I1=2.6A
AV =5.2V
P=i’R=(2.6A)’(2Q) =13W

brightest

AV =48V

I=1.6A

P =i’R = (L.6A)*(3Q2) = 8W

bright

P, =26W _—’\/\/\/‘|

S 10V

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

AV = 4.8V
i=1A
P =i’R = (1A)?(5Q) = 5W

least bright



B.3 Network of Resistors

Just when you thought the circuit couldn’t get any more amazing, this happened. Now how much power is being supplied by
the circuit? How much is being dissipated through the resistors? And how much through each one?

20

In this case we cannot combine any of the resistors in series or parallel. So we must
10V take another route. But we’ve been down this route before, in the context of
e — capacitors.

15V

20

1 15V

1. Label the currents in the wires in any arbitrary way:

U.)—-

T  3Q

N
o)
AAN
VYV

A
A




B.3 Network of Resistors

20)
— DA II — 2. At each junction, apply KCL (Kirchoff’s charge law), which states that the sum of the
1 L 15V I3 currents leaving a junction must add up to zero.
10V >
— < <
T 30 {; 5Q &
> iI's=0 KCL
4 ﬁ! ﬁ Z

Applied to the red junction, we’d have:
—i, +1,+1, =0
L, —1,—i,=0
What about the blue junction?
L—i,—1,=0

So we needn’t apply it to this junction because we’ll get the same equation.
Either junction works as well as the other.



B.3 Network of Resistors

20

3. Apply KVL (Kirchoff’s Voltage Law) to as many loops as necessary (# of unknown currents -1),
which states that the sum of the potential differences around a closed loop must add up to zero.

I3

5Q

D> AV's=0 KVL

The loops you choose, their starting point, and the direction in which you circumambulate

) them are all arbitrary.
\ Important point on the resistors: the presumed direction of the electric field in
wires follows the currents you drew. So when you cross a resistor in the
direction of the current (electric field), the potential difference is accounted

negative. When you cross a resistor opposite the direction of the current
21, +31, =10 3i, —5i, =15 (electric field), the potential difference is accounted positive.

+10-2i,-3i, =0 3i, —~15-5i, =0

Important point on the batteries: the electric field in batteries has
nothing to do with the currents you drew. And when you cross the
battery from + terminal (the long line) to - terminal (the short line), the
potential difference should be accounted negative. But when you cross
from —terminal to +terminal, it would be accounted positive.



B.3 Network of Resistors

20 4. Solve the KCL, KVL equations for the i’s
)| 15V is _
10V ‘:5, ‘:} These are the three equations so far:

T 30,7 5Q & L

_ > > L—=1,—-1,=0

|

o ﬁ} ) iy 2i, +3i, =10
3i, -5i, =15

You can use a matrix to solve them if you wish. It would look like this:

1

1 -1 -1)(i,) (0

i 1 -1 -1y (0 I, 1.1 The negative sign on i; means that we guessed
2 3 0]1i,|=]10 —— |i,|=|2 3 0 10| — i, |=| 2.6 the direction of the current wrong, and it
0 3 -5/l 15 i, 0 3 -5/ |15 i, 15 actually flows the other way.

So the power delivered is:  Pijiereg = LAV, +1,AV, = (1.1A)(10V) + (1.5A)(15V) = 34W

And the power dissipated is: Pypueq = 2Ry +I2R, +i2R, = (L1A)? (2Q) + (2.6A)2(3Q2) + (L5A)?(5Q) = 2.4W +20.3W+11.3W =34W



B.3 Network of Resistors

2Q)
It’s instructive to consider what would happen if we reduced the voltage of the 15V battery to
4 1.5V iy 1.5V. Then our equations would be:

|

10v| <5 &
T 3Q {; 50 ‘; L —1, =i, =0
i, S S 2i, +3i, =10
. - ! 3i, —5i, =1.5

You can use a matrix to solve them if you wish. It would look like this:

1 -1 -1\ 0 i 1 -1 -1\ o0 i 24 We see that current would now be flowing against
2 3 01|i,|=]10 | i[=|2 3 o0 10 i, |=| 1.7 the. 1'5_\/ battery. This me.ans.th.at instead of .
0 3 -5){i 15 ] 0 3 5] |15 ] 0.7 delivering povx{er to the CII’(-:UIt, it would be absorbing
power (essentially, recharging).
So the power delivered is: Poivered = LAV, = (2.4A)(A10V) =24W

And the power dissipated/absorbed is: Py 0q = i’R +iZR, +iZR, +i,AV, =(2.4A)*(2Q)+ (L.7A)*(3Q) + (0.7A)*(5Q2) + (0.7A)(1.5V)

=11.6W +8.7W+2.5W +1.2W = 24W
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